This paper presents the design and implementation of a singularity-free tracking algorithm for robot manipulators using a hybrid system approach. A hybrid robot motion controller is designed to ensure feasible robot motion in the neighborhood of kinematic singularities. The hybrid control system has a two-layered hierarchical structure, a discrete layer and a continuous layer. The robot workspace is partitioned into subspaces based on the singular conÿgurations of the robot. Switching between continuous controllers is involved when the robot travels across the subspaces. With the hybrid controller, the robot can work at the vicinity of singular conÿgurations, but also can go through and stay at the singular conÿgurations. The stability of the hybrid system is investigated using multiple Lyapunov function theory. Experimental results have demonstrated the advantages of the hybrid robot motion control method. ?
Introduction
A robot task is usually described in its task space. The direct implementation of a task level controller can provide signiÿcant application e ciency and exibility to a robotic operation. However, the major problem in the application of task level controller is the existence of kinematic singularities. While approaching a singular conÿguration, the task level controller may generate high joint torques, which result in instability and large errors in the task space.
The singularity-robust inverse (SRI) (Caccavale, Natale, Siciliano, & Villani, 1998; Cheng, Hour, Sun, & Chen, 1997; Chiaverini, 1997; KirÃ canski, KirÃ canshi, LekoviÃ c, & VukobratoviÃ c, 1997; Nakamura & Hanafusa, 1986 ) method was developed to provide an approximate solution to the inverse This paper was not presented at any IFAC meeting. This paper was recommended for publication in revised form by Associate Editor Thor I. Fossen under the direction of Editor Hassan Khalil. Research partially supported under NSF Grant IIS-9796300, IIS-9796287 and EIA-9911077. kinematics problem around singular conÿgurations. Instead of using exact motion control resulting in large torques, the SRI uses damped least squares (DLS) to provide approximate motion control close to the desired Cartesian trajectory. These methods reduce the torque applied to individual joints and achieve approximate motion. However, it can be shown (KirÃ canski et al., 1997; O'Neil & Chen, 2000) that the system is unstable at the singular points, which means either the singular points cannot be actually reached or the robots cannot start from the singular points. KirÃ canski et al. (1997) theoretically proved that at the singular points, the resolved acceleration control of robots has unstable saddles. The instability of this method for redundant mechanisms is discussed in O'Neil and Chen (2000) .
The aim of this paper is to develop a hybrid system approach for a task level robot tracking controller, which is stable in the entire robot workspace including the regions that contain singular conÿgurations. The hybrid system approach is used to integrate di erent continuous robot controllers, and singular conditions are adopted as switching conditions in discrete control. The stability of the hybrid system design is analyzed using the multiple Lyapunov function method.
Robot controllers and singularities

Robot controllers
The dynamic model for a robot arm with n joints can be written as D(q) q + c(q;q) + g(q) = u, where q = {q 1 ; q 2 ; : : : ; q n } T is the n × 1 vector of joint displacements, u is the n × 1 vector of applied torques, D(q) is the n × n positive deÿnite manipulator inertia matrix, c(q;q) is the n × 1 centripetal and coriolis terms, and g(q) is the n × 1 vector of gravity term.
A robot task can be deÿned in either joint space or task space. Robot controllers can be designed accordingly. In joint space, a robot task is speciÿed in an n-dimensional joint space denoted by q d ;q d ; q d . A computed torque controller at joint level can be formulated as However, a robot task is generally represented by the desired end-e ector position and orientation. A robot controller in task space is therefore desirable. To develop a task level controller, the robot model needs to be represented in terms of task level variables. Therefore, the acceleration in task and joint space can be related as x =Jq + J q. The robot dynamic model in terms of extended task space variables can then be described as DJ −1 ( x −Jq) + c(q;q) + g(q) = u, where the Jacobian matrix is n × n. Given the desired path in task space, x d , the robot controller in task space can be described as
where
. The error dynamics in task space can be described aṡ e x1 = e x2 ;ė x2 = −K Px e x1 − K Vx e x2 :
(2.4)
It is also easy to show that system (2.4) is local asymptotically stable for appropriate gain matrices K Px ; K Vx .
Singularity analysis
By comparing the controllers u j and u t in (2.1) and in (2.3), it can be seen that the existence of controller (2.3) depends on the existence of J −1 , while (2.1) does not. At a robot singular conÿguration or in its vicinity, the Jacobian J is singular or ill-conditioned. The determinant of J −1 could be very large, which will result in unreasonable large joint torques. The robot conÿgurations are such that |J | = 0 are called robot singular conÿgurations. Though an e ect orientation deÿnition, such as the quaternion representation, can avoid algorithmatic singularities, there are inescapable singular conÿgurations for robot manipulators. The general way to evaluate the proximity to a singular conÿguration is the singular value decomposition (SVD) of Jacobian matrix. The SVD of a Jacobian matrix J is deÿned as
, where U is the (n × n) orthonormal matrix of the output singular vectors u i , V is the (n × n) orthonormal matrix of the input singular vectors v i , and is a diagonal matrix whose elements are the singular values of J , 1 ; 2 ; : : : ; n . When one or more of the singular values are close to zeroes, the robot is close to a singular conÿguration.
Given a mechanical structure, analytical expressions can be obtained to check the proximity to a singular conÿgura-tion. Generally, the singular conÿgurations can be categorized for a given mechanical structure. A variable can be obtained to represent the proximity to a certain singular conÿguration. For example, there are three categories of singular conÿgurations for a PUMA-like robot arm: boundary singular conÿguration, interior singular conÿguration and wrist singular conÿguration (Cheng et al. 1997 T , where s i and c i stand for sin q i and cos q i , respectively. a 2 ; a 3 and d 4 are robot parameters. By checking the value of the variables ∈ , one can decide the proximity to the robot singular conÿgurations. It is worth noting that it may be di cult to ÿnd an analytical form of for a general manipulator.
Workspace partitions
The robot workspace, denoted by , can be divided into three kinds of subspaces, denoted by 0 ; 1 ; 2 , respectively. In 0 , task level controller u t can be used. In 1 , a modiÿed task level controller based on SRI method (Caccavale et al., 1998; Chiaverini, 1997; KirÃ canski et al., 1997) can be used to achieve approximate motion. 2 speciÿes a smaller vicinity of the singular conÿguration, where the modiÿed task level controller is unstable (KirÃ canski et al., 1997) .
The workspace is partitioned based on the values of vector . The deÿnition of 1 and 2 are given as follows: 2 = {q ∈ R n | (q) ¡ ; (q) ∈ }, 1 = {q ∈ R n | 6 6 ÿ; q ∈ 2 ; ∈ }, where ÿ ¿ ¿ 0. Fig. 1 shows an illustrative plot of the subspaces. It should be noticed that 0 ∪ 1 ∪ 2 = and 0 ∩ 1 ∩ 2 =∅. The region, which is also called dwell region, is deÿned to avoid the chattering when switching occurs. The deÿnition of a dwell region is given as: = {q ∈ R n | ¡ ¡ + ; q ∈ 
Hybrid robot motion controller
Hybrid control systems involve both continuous and discrete dynamic systems. The evolution of such systems is given by equations of motion that generally depend on both continuous and discrete variables. Fig. 2 shows a general framework for the hybrid system controllers. The hybrid controller has a two-layered hierarchical structure, which includes a continuous layer and a discrete layer. A discrete switching function is designed to determine the continuous controller to be used. The switching function is dependent on the proximity to the singular conÿgurations and the previous controller status. When the robot approaches the singular conÿgurations, the hybrid controller ÿrst uses damped least squares to achieve an approximate motion of the end e ector. It will then switch into joint level control if the robot reaches the singular conÿguration. The general design procedure is discussed as follows.
The ÿrst step in the hybrid motion controller design is the singularity analysis of the manipulator and the partition of the workspace. For a given mechanical structures, the singular conÿgurations and the corresponding singular condition vector can be obtained. For examples, a vector of variables, , is discussed in Section 2 to check the proximity to singular conÿgurations.
The second step is the design of the switching functions based on the deÿnition of the subspaces. Two switching function vectors are generally necessary. One is the switching conditions between the regular region 0 and region 1 , the other is the switching function between region 1 and region 2 . The switching functions can be formulated as: function. The switching function is a function of the singular conditions represented by Max-Plus Algebra. The Max-Plus algebra, widely used in the Discrete event systems, is deÿned as m(t) ∈ R n max , where R max = R ∪ {−∞}; ⊕ denotes the Max operation and ⊗ denotes the Plus operation.
Here the operations ⊕ and ⊗ are deÿned as: a ⊕ b = max{a; b}, and a ⊗ b = a + b (Baccelli, Cohen, Olsder, & Quadrat, 1992) . The expression a b in Max-Plus algebra corresponds to a · b in classical algebra. It can be seen that m s1 = 0 in 0 , m s1 = 1 in 1 and m s2 = 1 in 2 . It is worth noting that m s2 is not only a function of the singular condition vector , but also a function of the current status of m s2 (t − ). It means that the switching condition for switching into a subspace and switching out a subspace may have different values. This is designed for eliminating the chattering characteristic of a switching controller.
The third step is the design of the continuous controllers. Three continuous controllers are to be designed. In subspace 0 , the inverse of J always exists and the task level control (2.3) is e ective in this subspace. In subspace 2 , the joint level controller is used.
In region 1 , though it is close to a singular conÿguration, a feasible solution of inverse Jacobian can be obtained by pseudo-inverse or singular robust inverse (SRI). Controller (2.3) can still be used after substituting J # for J −1 , where J # is a kind of pseudo-inverse represented by:
where is the damping factor, and I is an identity matrix. Instead of using a constant damping factor, is generally deÿned as a function of the singular value (Chiaverini, 1997): = ( ) = −( max = min ) + max . It is generally hard to compute the singular value online, the singular condition ∈ is used in this design: = ( ) = −( max = min ) + max , where the parameters max and min are chosen experimentally. The controller in region 1 can then be represented by
The error dynamics of the system can be described bẏ e x1 = e x2 ;
Here K = JJ # . The stability analysis of controller (3.1) is discussed in Caccavale et al. (1998) . However, it can be proved that the controller based on pseudo-inverse method will cause instability in subspace 2 (KirÃ canski et al., 1997; O'Neil & Chen, 2000) . Though subspace 2 could be very small, it cuts the dexterous workspace into pieces. If the robot cannot travel through subspace 2 , the singular conÿg-urations will greatly restrict the dexterous workspace. Thus, joint level control is enabled in subspace 2 to stabilize the system.
With the continuous controllers in di erent subspaces and the switch functions, the next step is to formulate the hybrid robot motion controller in the entire workspace utilizing the switching conditions m s1 and m s2 :
where the switch function m s1 is within Eq. (3.1). The values of m s1 and m s2 determine the continuous controllers that should be used. m s2 takes the values of 1 or 0 and therefore u d is the controller for subspace 0 ∪ 1 , and u j is the controller for subspace 0 ∪ . m s1 also takes the values of 1 or 0. When m s1 = 0, u d = u t and therefore Eqs. (3.1) and (2.3) are the same. When m s1 = 1, the damped least-square method is instantiated, and the inverse Jacobin is J # . The design of m s1 and m s2 is therefore the discrete controller design as discussed in the second step. Based on the stability analysis of the continuous controllers in their respective region, the stability of the hybrid motion controller in the entire workspace should also be investigated.
The last step of the hybrid robot motion controller design is the path planning of the continuous controllers. Given the desired path in the task space, x d , controllers (2.3) and (3.1) can be implemented. However, when the controller switches to u d from u j , the task representation q d should be transformed to x d by the forward kinematics equation
When the controller switches to u j from u d , the task representation x d is transformed to q d , which involves the inverse kinematics at singular conÿguration.
At the vicinity of singular conÿguration, substantial research has been done to solve the inverse kinematic problem. A damping least-square method can be used (Cheng et al., 1997; Nakamura & Hanafusa, 1986) . By the relation between task space and joint space variables, x = h(q), a ÿrst-order approximation of the kinematic function at a conÿguration q can be written as: dx = J (q) dq, where dx = x d − x and dq = q d − q represent motion increment in task space and joint space, respectively. At robot singular conÿgurations, rank(J (q)) ¡ n. Given a reasonable dx, it may result in a very large joint motions dq if the assigned dx has components along the degenerated directions. To balance the accuracy and feasibility of the joint space motion, the following criterion is used to ÿnd the inverse kinematics: min q d {w 1 dx − J (q) dq) 2 + w 2 q d − q 2 }, where w 1 and w 2 are positive weight factors. This criterion minimizes the deviation after the task is mapped onto joint space, and tries to ÿnd q d such that the least joint movement is needed. An optimal solution to this can be written as: dq = w 1 (w 1 J T (q)J (q) + w 2 ) −1 J (q) T dx (Nakamura & Hanafusa, 1986) .
At the neighborhood of singular conÿgurations, an appropriate increment or decrement dx could result in a large increment or decrement dq. dq needs to be reparameterized in joint space to satisfy the velocity and acceleration constraints. The continuity of joint velocities and task level velocities are also considered in the planning. After switching from task level control to joint level, the initial velocity for every joint is the joint velocity prior to switching.
Stability analysis
This section discusses the stability of controller (3.3) when switching between the controllers in (3.1) and (2.1) is involved.
Theorem. Assume joint level controller (2:1) is asymptotically stable in workspace and task level controller (3:1) is uniformly ultimate bounded in region 1 , there exists a constant ¿ 0, as shown in Fig. 1 and the deÿnition of , is such that the hybrid robot motion controller (3:3) is ultimate-bounded in the entire workspace of the robot.
Proof. The error dynamics of the manipulator in joint space and task space can be represented by Eqs. (2.2) and (3.2), respectively. It is easy to prove that system (2.2) is stable. Eq. (3.2) has been proved to be ultimately bounded in 0 ∪ 1 . However, if the controller switches between u j (2.1) and u t (3.1), the system will switch between (2.2) and (3.2). Since the state variables in dynamics models (2.2) and (3.2) are di erent, the relation between the state variables in model (2.2), (3.2) is derived ÿrst.
It is easy to prove that x = h(q) andẋ = Jq are Lipschitz continuous in their deÿned domain, i.e.,
where L 1 , L 2 and L 3 are constants that depends on the upper bound on J (q) and q d . Here it is reasonable to assume that the maximum joint velocity and the Jacobian are bounded. The boundedness of Jacobin applies only to revolute joints. In summary, the following relation between joint space error and task space error can be found
where L b is a constant. Similar to the above inequality, the following relation can also be obtained based on the Lipschitz continuity of the function q = h −1 (x);q = J
−1ẋ
in 0 ∪ 1 : e q 6 L a e x . Therefore, the errors in joint space and task space satisfy the following inequality in
Deÿning the Lyapunov function of system (2.2), (3.2)
T q2 e q2 );
Ke x1 + ( e x1 + e x2 ) T ( e x1 + e x2 )]:
t5 t6 t0 Fig. 3 . A typical switching sequence of the hybrid control.
Since system (2.2) has been proved asymptotically stable in the entire workspace, and (3.2) has been proved to be uniformly ultimate bounded, the Lyapunov functions satisfy the inequalities in region 0 ∪ 1 (Chapter 3 in Khalil, 1996) a 1 e q 2 6 V 1 6 b 1 e q 2 ; @V 1 (e q ) @e q f q (e q ) 6 − c 1 e q 2 ;
where a 1 ; b 1 ; c 1 ; a 2 ; b 2 ; c 2 are positive scalars. For an initial time t 0 , the following inequalities can be obtained:
where 1 = c 1 =b 1 and 2 = c 2 =b 2 are positive scalars. Note that Eq. (4.2) is valid for e x ¿ . Here is the ultimate bound for the controller u d in subspace 1 . It is shown that the gain matrices K Px and K Vx can be used to reduce the value of (Caccavale et al., 1998) . In order to prove the stability of the hybrid controller (3.3), it is essential to show that V 1 is monotonically decreasing at all odd number of switch instances, t 1 ; t 3 ; t 5 ; : : : ; and V 2 is monotonically decreasing at all even switching instances, t 0 ; t 2 ; t 4 ; : : : . Based on the switching sequence in Fig. 3 ,
From the above inequalities, it can be seen that
= c e (− 1 (t2−t1)− 2 (t1−t0)) * e (1− )(− 1 (t2−t1)− 2 (t1−t0)) V 2 (e x (t 0 )) 6 e (1− )(− 1 (t2−t1)− 2 (t1−t0)) V 2 (e x (t 0 ));
for c e (− 1 (t2−t1)− 2 (t1−t0)) 6 1:
is a constant and 0 ¡ ¡ 1. Based on multiple Lyapunov function method (Branicky, 1998; Peleties & Decarlo, 1991) , the system can be proved to be stable as long as (4.3) holds. It means that ce (− 1 (t2−t1)− 2 (t1−t0)) 6 1 is a su cient condition for the stability of the system during switching. This can be achieved by regulating two sets of parameters, 1 and 2 ; t 2 − t 1 and t 1 − t 0 . The values of 1 and 2 are related to the gain matrices K px ; K vx ; K pq and K vq . In the implementation of the controller, high gains and high sampling frequency are chosen to ensure proper 1 and 2 . The values of t 2 − t 1 and t 1 − t 0 are also related to . The boundary for switching into and out of a continuous controller is not the same. This forms the dwell region , and can e ectively avoid chattering at switching. From the deÿnition of , the value of m s2 cannot be changed immediately. Since t 2 − t 1 and t 1 − t 0 are time intervals when a continuous controller is enabled, they can be regulated by the value of . Therefore, the gain matrices and the size of the dwell region are used to ensure that ce (− 1 (t2−t1)− 2 (t1−t0)) 6 1. In the proof, the maximum velocity and acceleration v M and a M are assumed to be bounded. The dwell region corresponds to dwell time, such as t 2 − t 1 and t 1 − t 0 .
The above analysis is valid for e x ¿ and the switching system is uniformly ultimate bounded. In the design of the controllers, the size of the dwell region can be chosen based on two situations. The ÿrst one is the ultimate bound. Considering controller (3.1) is ultimate-bounded by , therefore e x ¿ e x1 ¿ 1 should be ensured by . The other one is the gain matrix and motion planning. It can be proved that the transition of e x and e q are bounded by their initial values during switching. The bound is related to the gain matrices and the desired trajectory. It can be assumed that the initial value of errors is also bounded. Therefore, e x and e q are bounded. Thus, can be chosen that e q (t) ∈ 2 for t ¿ T and T is a time instance after ÿnite switches between joint level and task level control. By choosing an appropriate region, the switching sequence can also be completed in one cycle.
The same procedure can be applied to time instances t 4 ; t 6 ; : : : ; for V 2 . Therefore, V 2 is monotonically decreasing at all even switching instances. Similarly, V 1 is monotonically decreasing at all odd switching instances t 1 ; t 3 ; t 5 ; : : : . Thus, the switching system is stable.
Experimental results
The proposed hybrid robot motion controller was implemented on a PUMA 560 robot. . All the parameters are determined experimentally. The sampling period is set as 1 ms. Given a path, the trajectory was computed based on the path planning approach in Fu, Gonzalez, and Lee (1987) . A trajectory is then formed by integrating temporal parameters with the given geometrical path considering the velocity and acceleration constraints. In the ÿgures, the unit for position is meters. For angles, it is radians. Fig. 4 shows experimental results of the hybrid motion controller when the robot approached its arm singular conÿgurations at x = 0:9; y = 0:15; z = −0:297. The task of the robot was to move along x direction from 0.7 to 0:9 m. It can be seen that the tracking errors in y and z directions were much smaller and the task was completed. It is worth noting that the path was replanned in joint space after the controller switch into joint level control. The trajectory was planned in joint space such that the joint motion constraints were satisÿed. The end e ector is slowed down to avoid unreasonable joint velocities. Fig. 4(d) shows the proximity to the singular conÿgurations. Fig. 5 shows the position tracking result when both interior and wrist singularities were reached in the motion. At time t = 8 s, both interior and wrist singular conÿgura-tions were reached, the controller switches into joint level. Errors caused by switching at t = 12 s can be seen from Figs. 5(a)-(c). The fourth ÿgure shows the proximity to the singular conÿgurations. This also shows that the hybrid system was stable when double singular conÿgurations were reached. 
Conclusions
This paper presents a hybrid system design of task level robot motion controller that can work at and near singular conÿgurations. Furthermore, the stability of the hybrid controller has been theoretically proved using multiple Lyapunov functions method. With the hybrid task level robot motion controller, the robot can work stably in the entire reachable workspace. The hybrid controller not only enlarges the workspace at task level, but also ensures the safety of the operations. The new hybrid task level robot motion control can be easily implemented based on the existing joint level controller and task level controller.
